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Abstract

Current benchmarks are inadequate for evalu-
ating progress in reinforcement learning (RL)
for large language models (LLMs). Despite
recent benchmark gains reported for RL, we
find that training on these benchmarks’ train-
ing sets achieves nearly the same performance
as training directly on the test sets, suggesting
that the benchmarks cannot reliably separate
further progress. To study this phenomenon, we
introduce a diagnostic suite and the Oracle Per-
formance Gap (OPG) metric that quantifies the
performance difference between training on the
train split versus the test split of a benchmark.
We further analyze this phenomenon with stress
tests and find that, despite strong benchmark
scores, existing RL methods struggle to gen-
eralize across distribution shifts, varying lev-
els of difficulty, and counterfactual scenarios:
shortcomings that current benchmarks fail to
reveal.We conclude that current benchmarks
are insufficient for evaluating generalization
and propose three core principles for designing
more faithful benchmarks: sufficient difficulty,
balanced evaluation, and distributional robust-
ness.

1 INTRODUCTION

Reinforcement Learning (RL) has emerged as a
powerful paradigm for post-training Large Lan-
guage Models (LLMs), significantly enhancing
their capabilities on complex, multi-step reason-
ing tasks (Ouyang et al., 2022). Methods based
on Reinforcement Learning from Human Feed-
back (RLHF) and Direct Preference Optimization
(DPO) (Rafailov et al., 2023) have become stan-
dard practice for aligning LLMs. These paradigms
are often powered by foundational algorithms like
Proximal Policy Optimization (PPO) (Schulman
et al., 2017), with state-of-the-art variants such as
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Group Relative Policy Optimization (GRPO) (Shao
et al., 2024) pushing models to achieve remarkable
performance on benchmarks like GSM8K (Cobbe
et al., 2021) and MATH (Hendrycks et al., 2021).
These successes, marked by state-of-the-art results
(Lewkowycz et al., 2022; Lightman et al., 2023),
suggest that RL-based alignment is a key pathway
toward robust reasoning systems. Yet, a critical
question remains: do current benchmarks meaning-
fully assess generalization? We find that the tra-
ditional assumption—that performance on unseen
data measures generalization—may be insufficient
for RL, as models trained on training splits per-
form nearly identically to those trained directly on
test splits. This suggests that “unseen-ness” may
no longer be a sufficiently discriminative criterion,
calling for evaluations that go beyond disjoint splits
to reveal deeper weaknesses.

To systematically investigate this phenomenon,
we introduce an empirical evaluation framework for
assessing whether the conventional train–test split
remains a meaningful indicator of generalization
for RL-trained models (Yu et al., 2025a). At the
core of this framework, we define the Oracle Perfor-
mance Gap (OPG) as a primary diagnostic measur-
ing the performance difference between train-split-
optimized and test-split-optimized models on the
same benchmark. We further complement our anal-
ysis with targeted stress tests that probe whether
high benchmark scores continue to correlate with
robust generalization. These tests examine perfor-
mance under variations in difficulty, question type,
and counterfactual settings, revealing discrepan-
cies between saturated benchmark performance and
generalization behavior. Importantly, the observed
trends are consistent with the Oracle Performance
Gap analysis, jointly suggesting that near-ceiling
benchmark scores alone may be insufficient to reli-
ably assess generalization. These findings are then
used to motivate three principles for benchmark
design. Overall, our contributions are:
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Figure 1: Overview of our empirical framework. The workflow begins by diagnosing benchmark flaws with novel
metrics to uncover a core symptom: a vanishing generalization gap. It then proceeds through a suite of stress tests
that reveal the brittle, shortcut-based nature of the learned skills, culminating in a new set of principles for more
robust evaluation.

✤ Illusion of Capability. We present quantitative
analyses suggesting that high performance on
prevailing benchmarks does not necessarily cor-
respond to robust generalization. Using the Or-
acle Performance Gap and aligned stress tests
(including distributional and counterfactual eval-
uations), we identify structural limitations under
which benchmarks assign strong scores despite
observable discrepancies in generalization behav-
ior. These findings highlight limitations in the
reliability of current benchmarks scores as indi-
cators of reasoning ability.

✤ Novel Diagnostic Framework. We introduce a
new diagnostic framework, including the OPG
and a set of evaluations (difficulty, distributional,
and counterfactual), to systematically probe and
quantify the extent to which benchmark scores
remain informative about the generalization capa-
bility of RL models, rather than merely reflecting
benchmark-specific fitting.

✤ Actionable Design Principles. Based on our
findings, we propose a set of actionable princi-
ples for designing next-generation benchmarks
that can more robustly evaluate an agent’s true,
transferable reasoning abilities under more chal-
lenging and realistic evaluation settings.

2 Diagnosing Generalization via OPG

The standard approach to evaluating LLM reason-
ing is to measure performance on a held-out test set,
under the assumption that success on unseen data
reflects generalization. To examine whether this
assumption still holds for RL-based methods, we
introduce a diagnostic framework that tests whether
“unseen-ness”, the common practice of relying on
disjoint train/test splits, continues to provide a valid
measure of generalization. Our framework com-
pares RL models trained on training split with the
Oracle model trained directly on the test split and
finds that their performance is nearly identical, indi-
cating that test-set "unseen-ness" alone has ceased
to be a diagnostic signal of generalization.

2.1 Analysis Framework
2.1.1 Oracle Performance Gap (OPG)
We introduce the Oracle Performance Gap (OPG)
as a diagnostic metric to audit the validity of a
benchmark. Formally, let P (M,D) denote the
pass@1 accuracy of a model M on dataset D using
algorithm A ∈ {SFT, RL}. We define OPG as:

OPGA ≜
P (MA,test,Dtest)− P (MA,train,Dtest)

P (MA,test,Dtest)
.

(1)



Table 1: Benchmark Limitation Illustrated by Qwen2.5 Model Performance. The table is reorganized by benchmark,
comparing performance across 3B and 7B model scales.

Benchmark Model
Size

RL on Train Set Subsets (%) RL Oracle
(MRL,test)

Baseline
(Mbase)

OPG
(%)10% 20% 50% 100%

MATH 3B 63.88±1.04 65.18±0.84 64.84±1.25 64.62±0.98 64.62±1.11 62.20 0.00
7B 73.64±0.48 73.28±0.68 73.04±0.91 74.04±0.39 74.00±0.68 68.80 -0.05

GSM8K 3B 82.95±0.38 83.93±0.47 86.93±0.34 87.04±0.49 87.98±0.35 83.02 1.07
7B 88.76±0.47 89.58±0.44 91.14±0.30 91.72±0.31 91.87±0.31 88.40 0.16

DeepScaler 3B 34.12±0.94 32.68±1.02 35.75±0.96 35.22±0.89 34.95±0.91 33.38 -0.77
7B 42.05±0.84 42.09±0.57 42.84±0.73 42.36±0.77 42.64±0.75 35.70 0.66

HeadQA 3B 62.98±0.77 65.90±1.19 67.16±0.79 67.24±0.59 67.57±0.70 54.96 0.49
7B 72.94±0.90 72.90±0.79 74.39±0.60 75.20±0.66 75.60±0.50 52.24 0.53

Here, MA,train is the standard model and MA,test is
the “Oracle” model fine-tuned explicitly on the test
set. Unlike standard generalization gaps (which
measure overfitting), OPG measures the discrim-
inative power of the test set by quantifying the
performance deficit against this Oracle baseline.

With OPG, we establish an upper bound for per-
formance via memorization and assess whether the
benchmark effectively challenges algorithm A. We
distinguish two outcomes:
1. Effective Generalization (OPGA ≫ 0): A sig-

nificant gap suggests that the benchmark poses
a meaningful challenge, as the test set contains
specific patterns or difficulties that cannot be
trivially inferred from the training set.

2. Weak Discriminative Signal (OPGA ≲ 0): A
negligible gap indicates structural redundancy.
It suggests the test set fails to differentiate be-
tween true generalization and simple pattern
matching, as “seeing” the test data offers no
performance advantage.

2.1.2 Experiment Setup
Our analysis spans four benchmarks:
MATH, GSM8K, HeadQA, and Deep-
Scaler. We use two base models from the
Qwen family, Qwen2.5-3B-Instruct and
Qwen2.5-7B-Instruct. To systematically isolate
the effects of the fine-tuning paradigm and data
distribution, we create and compare a suite of six
model variants for each base model:

• Baseline (Mbase): The original instruction-tuned
model without any additional fine-tuning.

• Standard SFT (MSFT,train): The base model
fine-tuned on the official training set containing
only standard question-answer pairs.

• SFT with CoT (MSFT,formatted): The base

model fine-tuned on a formatted training set
that includes detailed, teacher-generated chain-
of-thought (CoT) reasoning steps.

• RL on Train Set (MRL,train): The base model
fine-tuned on the official training set using
GRPO, a state-of-the-art RL algorithm.

• SFT Oracle (MSFT,test): The base model fine-
tuned directly on the test set using SFT. This
serves as a practical upper bound for SFT perfor-
mance on the test distribution.

• RL Oracle (MRL,test): The base model fine-
tuned directly on the test set using the same
GRPO setup. This provides an upper bound for
the RL agent’s ability to exploit the test set.

All models are evaluated on the official test sets
using pass@1 accuracy. To ensure statistical rigor,
we rigorously quantified performance stability by
conducting 10 independent evaluation runs via sam-
pling for each reported metric. Accordingly, we
report the Mean ± 95% Confidence Interval (CI),
providing a robust measure of reliability. Full im-
plementation details, hyperparameters, and evalua-
tion protocols are provided in Appendix A.

2.2 Result

Finding 1: The Vanishing Generalization Gap
Suggests Unseen-ness is an Insufficient Crite-
rion. The OPG analysis reveals a stark contrast
between SFT and RL paradigms, as detailed in Ta-
bles 1 and 2. While SFT models exhibit a large and
expected OPG in a challenging generalization set-
ting, this gap collapses to near-zero for RL-trained
models. To rule out the concern that this is caused
by data leakage in the base model, we verified that
both our fine-tuned models significantly outper-
form the untrained baseline, confirming that this



Table 2: SFT Performance Reveals the Expected Generalization Gap. This table presents the SFT results organized
by benchmark, with a direct comparison between the 3B and 7B model scales. All values are pass@1 accuracy.

Benchmark Model
Size

SFT Performance Metrics (%) OPG
(%)

MSFT,train MSFT,test MSFT,formatted

MATH
3B 17.20±0.85 40.00±1.12 31.02±0.95 22.45
7B 23.60±0.78 64.20±0.65 42.00±0.82 34.58

GSM8K
3B 16.83±0.45 68.05±0.41 64.82±0.39 4.75
7B 19.71±0.42 79.04±0.33 75.36±0.35 4.66

DeepScaler
3B 8.51±0.92 27.03±0.98 22.57±0.94 16.50
7B 12.57±0.85 36.76±0.76 23.51±0.80 36.04

HeadQA
3B 10.45±0.68 54.96±0.75 41.22±0.82 25.00
7B 12.80±0.62 52.24±0.66 35.52±0.74 32.01

result reflects standard training behavior. To fur-
ther assess if our conclusion is general, we also
evaluated additional RL algorithms such as DAPO,
as well as alternative architectures, domains, and
inference settings; the corresponding results are
presented in Appendix F.

Furthermore, to account for potential effect of
the test set being much smaller than the training
set, we trained RL models on various subsets of the
training data. The OPG remained consistently low
across all sizes, suggesting our conclusion is ro-
bust to the effects of data quantity. Together, these
results suggest that the classical assumption—that
performance on “unseen” test data is a sufficient
measure of generalization—no longer holds for
RL. This suggests that current benchmarks may no
longer meaningfully assess future progress in RL
generalization.

Takeaway ➊. Our OPG analysis reveals that
RL models trained on the training split per-
form nearly identically to Oracle models
trained directly on the test split. This perfor-
mance convergence suggests that existing
datasets likely suffer from structural redun-
dancy, rendering the traditional criterion of
test-set “unseen-ness” insufficient. Conse-
quently, simple train-test splitting may no
longer provide a sufficiently discriminative
measure of true generalization for RL mod-
els.

Robustness beyond the primary setting. We
additionally evaluated whether the near-zero OPG
trend persists beyond the primary Qwen2.5-based

mathematical setting. We found similarly small
OPG values across an alternative RL algorithm
(DAPO; Yu et al., 2025b), an additional open-
weight model family (Llama-3-8B; Grattafiori
et al., 2024), and non-mathematical reasoning do-
mains including HotpotQA (Yang et al., 2018),
MedQA (Jin et al., 2021), and LogiQA (Liu et al.,
2020), as well as under varied KL coefficients and
decoding parameters. These results provide fur-
ther support that the observed vanishing-gap phe-
nomenon is not specific to a single algorithm, ar-
chitecture, domain, or inference setting. Detailed
results are provided in Appendix F.

3 Benchmark Principles

Section 2 showed, via the Oracle Performance Gap,
that standard benchmark evaluations may fail to
reliably reflect generalization. In this section, we
complement that analysis by evaluating models un-
der more revealing evaluation settings that make
specific dimensions of generalization explicit and
provide insight into directions for improving bench-
mark design. By examining performance across
difficulty levels, distributional shifts, and counter-
factual conditions, we observe patterns consistent
with the OPG findings: models achieving near-
saturated benchmark performance can nonetheless
exhibit pronounced performance degradation un-
der these settings. Together, these analyses expose
three structural limitations in existing benchmarks
and motivate three corresponding principles for
benchmark design: Cross-Difficulty Generaliza-
tion, Distributional Robustness, and counterfactual
Reasoning.
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Figure 2: The Illusion of Average Performance. (a) The mean performance gap between the best (specialist) model
and the average of all other models widens dramatically as task difficulty increases. (b) Surprisingly, the average
scores of these specialists (calculated across all five difficulty partitions) are nearly identical. This contrast illustrates
how a difficulty-agnostic evaluation can mask substantial differences in generalization capability. Full performance
data is provided in Appendix B.2.

3.1 The Difficulty Test

One plausible factor contributing to the failure in
evaluation discussed in Section 2 is that typical
train–test splits do not account for variation in sam-
ple difficulty, instead summarizing performance by
aggregating test instances across difficulty levels.
This form of aggregation can obscure systematic
differences in generalization behavior, particularly
when failures are concentrated on more challeng-
ing cases and are diluted by easier ones. To make
this dimension explicit, we stratify benchmarks by
task difficulty and analyze performance beyond
aggregate scores.

3.1.1 The Paradox of Average Scores
Setup. We conduct a cross-difficulty analysis by
training five specialist models (MLi), each fine-
tuned on a single difficulty partition of our con-
structed MATH dataset (DLi

train, see Appendix B.1
for the partition protocol). Each specialist is
then evaluated on all five training sets partitions,
where a model’s performance on its own training
data serves as an oracle’s performance benchmark
against which its true generalization to unseen par-
titions is measured.

We observe that RL models exhibit asymmet-
ric generalization: models trained on harder levels
transfer well to easier ones, while those trained
on easier levels struggle to generalize to harder
tasks (Figure 3). Yet, when computing a single av-

erage score—mirroring the ”vanishing generaliza-
tion gap”—these models achieve nearly identical
results (Figure 2(b)). This indicates that the OPG
did not truly vanish; instead, it was concealed by
difficulty-agnostic averaging. Thus, standard av-
eraging masks meaningful differences, creating a
misleading impression of equal capability that only
stratified evaluation can reveal.

Finding 2: A difficulty-aware train–test split
is an effective setting for evaluating generaliza-
tion. Our cross-difficulty evaluation confirms fail-
ure modes concealed by average scores, suggest-
ing that difficulty-aware partitioning is a superior
paradigm for evaluation. More importantly, it re-
veals differences in transfer behavior that are in-
visible under standard aggregate metrics. This is
supported by two key findings:
• Masking Effect Confirmed: Figure 2(b) reveals

that significant capability variations are com-
pletely masked by final average scores. Although
the specialist models differ substantially in their
cross-difficulty behavior, the final average scores
across them remain nearly identical.

• Oracle Gap Re-emerges at the Micro-Level:
Contrary to the global near-zero OPG, micro-
level analysis reveals a persistent gap. As shown
in Figure 2(a), the gap against the specialist ora-
cle (MLj ) is non-zero; instead, it reappears and
widens as task complexity increases. This shows
that the Oracle Gap is not absent, but merely



hidden by aggregation.

Principle ➊. Our findings suggest that
benchmarks should be explicitly stratified
by difficulty. Standard aggregate metrics are
insufficient, as they allow high success rates
on trivial tasks to mask significant failures
on complex ones. Instead of relying on a
single average score, reporting performance
across distinct difficulty levels enables a
more granular assessment. This approach is
essential for exposing hidden generalization
weaknesses and ensuring that reported im-
provements reflect robust reasoning rather
than superficial fitting to easy data.

3.1.2 The Impact of Training Difficulty
Setup and Phenomenon. To investigate the im-
pact of training data difficulty on final general-
ization, we conduct a complexity test. We first
train five generalist-optimized models, MLi for
i ∈ {1, . . . , 5}, on the previously defined difficulty-
stratified training sets, DLi

train. The key difference
from our prior analysis lies in the evaluation pro-
tocol, which is centered around a novel, balanced
test set.
• Test_Balanced: This is the unified and bal-

anced evaluation suite, constructed by sampling
an equal number of problems from each of the
five difficulty levels. This results in a test set
Dbal composed of five equal-sized partitions,
{DLj

test, bal}5j=1.
Unlike the models in the first experiment, these

models are "generalist-optimized," meaning we se-
lect the checkpoint for each MLi with the highest
overall accuracy on the Test_Balanced set. We
then analyze the relationship between the difficulty
of the training data and the model’s final average
performance on this balanced benchmark.Detailed
performance data for this experiment is provided
in Appendix C.

Finding 3: Training on Difficult Problems
Boosts Transferable Generalization. Our anal-
ysis reveals that models trained on higher difficulty
levels (L4–L5) exhibit ”downward compatibility,”
effectively solving simple tasks while retaining
complex reasoning capabilities. In contrast, mod-
els trained on easier data fail to generalize upward
(Figure 3). Consequently, beyond evaluation con-
siderations, these observations point to the potential

Figure 3: Average performance on the balanced test
set. Consistent with Finding 3, we observe a positive
correlation between training difficulty and generaliza-
tion. Models trained on higher difficulty levels (L4–L5)
consistently outperform those trained on easier data,
yielding the strongest generalist performance.

benefit of including more challenging problems in
training sets to encourage broader generalization.

3.2 Evidence for Improved Benchmarking
While the previous section highlighted the impor-
tance of problem complexity, difficulty is just one
facet of generalization. To further probe our hy-
potheses regarding benchmark limitations and mo-
tivate our design principles, we introduce two stress
tests for generalization forms: the Distribution Test
(Section 3.2.1), quantifying brittleness to semantic
shifts, and the Counterfactual Test (Section 3.2.2),
distinguishing reasoning from memorization.

3.2.1 The Distribution Test
Setup. Standard train-test split typically evaluate
models under an i.i.d. setting, in which general-
ization is assessed primarily within the training
distribution. To evaluate generalization beyond this
paradigm, we constructed a testbed using 44,785
problems from the benchmarks analyzed in Sec-
tion 2. By clustering these via K-Means on embed-
dings, we modeled a spectrum from in-distribution
to out-of-distribution scenarios based on semantic
distance.

• Core Training Set (Dcore): We formed a con-
centrated training set by selecting the 2,000 prob-
lems closest to a cluster’s centroid. This set was
constructed primarily to serve as a distributional
anchor to precisely identify OOD test sets based
on semantic distance, while also simulating the
strictly defined “seen” distribution of standard
benchmarks(details in Appendix D).

• Core-Trained Model (Mcore): We fine-tuned a
specialist model exclusively on this dataset, for-



Table 3: Validation of Performance Inversion across Model Scales. This table validates the brittleness of RL-tuned
models using Global Cosine Distance. Both 3B and 7B models exhibit a clear "Performance Inversion" trend: while
they show gains on semantically close data (d1), these gains diminish and eventually turn into significant penalties
on distant, out-of-distribution data (d5).

Metric / Bin d1 (Closest) d2 d3 d4 d5 (Farthest) Trend

Qwen2.5-3B Gain +2.25% +1.25% 0.00% -1.00% -3.75% ↘ (Inverted)
Qwen2.5-7B Gain +7.25% +6.50% +5.00% +1.25% -2.50% ↘ (Inverted)

mally Mcore ≜ T (Mbase,RL,Dcore). This model
is designed to be an expert solely on this specific
distribution.

Finally, five test sets, {Ddk
test}5k=1, were con-

structed by sampling 80 problems each from the
remaining data, which were binned according to
increasing semantic distance dk from the Dcore cen-
troid.

Hypothesis 1: Optimization for Specific
Distributions Induces Brittle Generaliza-
tion

We hypothesize that optimizing for a spe-
cific distribution yields brittle heuristics
rather than robust skills. While we expect
strong performance on data matching the
training distribution (simulating benchmark
conditions), we predict a Performance In-
version on out-of-distribution (OOD) data.
We measure the specialist’s gain over the
baseline, Gain(k) ≜ P (Mcore,Ddk

test) −
P (Mbase,Ddk

test), testing if the advantage
vanishes and eventually reverses as seman-
tic distance dk increases:

∃k ∈ {1, . . . , 5} s.t. Gain(k) < 0 (2)

Confirming this would demonstrate that
high i.i.d. scores can mask harmful, non-
generalizable biases instilled during fine-
tuning.

Finding 4: I.I.D. Test-Set Performance Is Not a
Reliable Indicator of Generalization. Our dis-
tribution test (Table 3) confirms that excelling on a
static distribution can be actively harmful to robust-
ness. While the specialist model (Mcore) dominates
on in-distribution data (simulating high benchmark
scores), this advantage is revealed to be brittle: it
vanishes with semantic distance and culminates in
a performance inversion on OOD sets. Here, the
specialist’s accuracy collapses below that of the un-

tuned baseline, demonstrating that what appears to
be "capability" on i.i.d. test sets is often merely a
harmful, non-generalizable bias.

Principle ➋. Incorporating Distributional
Robustness. Our findings suggest that a
faithful benchmark should go beyond in-
distribution evaluation to actively probe
for robustness against distributional shifts.
It should include a spectrum of out-of-
distribution (OOD) challenges to penalize
brittle, over-specialized models.

3.2.2 The Counterfactual Robustness Test
Setup. To rigorously test whether our models per-
form genuine deductive reasoning or merely recite
pre-trained knowledge, we designed a counterfac-
tual robustness test. The experiment is constructed
around the following key components:

• Test Sets (Dbal and Dcf ): Our experiment uses
two test sets: a standard balanced set, Dbal, from
the MATH benchmark, and our primary evalua-
tion set, Dcf , which is created by transforming a
subset of problems from Dbal (see Appendix E.1
for details).

• Counterfactual Transformation (creal →
cfake): The transformation process involves iden-
tifying a problem’s core, real-world mathemati-
cal rule, creal, and explicitly replacing it with a
novel, contrary-to-fact premise, cfake.

• Evaluation Criterion: A model’s response is
marked as correct only if it correctly and exclu-
sively applies the explicitly stated counterfactual
premise, cfake. This strict criterion ensures we
are measuring on-the-fly reasoning rather than
answer correctness based on memorized knowl-
edge.

We then evaluated our main RL-tuned models,
Qwen2.5-3B-MATH and Qwen2.5-7B-MATH, on the
new counterfactual set Dcf .To assess the quality



Table 4: Performance collapse under standard and coun-
terfactual evaluation.

Model Dbal

(%)
Dcf

(%)

3B-MATH 64.20 36.00
7B-MATH 74.80 41.20

of the generated counterfactual set, we addition-
ally conducted a human audit on 50 randomly se-
lected samples, evaluated by three PhD students
specializing in LLMs. The audit found that 93.34%
of samples were unambiguous and 94.67% were
solvable under the stated counterfactual rule (Ap-
pendix E.2).

Hypothesis 2: Models Prioritize Recita-
tion Over Reasoning

We test the hypothesis that models default
to reciting memorized knowledge (creal) in-
stead of reasoning from a novel premise
(cfake). A confirmation is indicated by a sig-
nificant performance collapse on the coun-
terfactual set, formalized as:

P (MRL,train,Dcf ) ≪ P (MRL,train,Dbal)
(3)

Finding 5: Counterfactual Failures Reveal
Recitation Over Reasoning. Our counterfactual
robustness test (Table 4) reveals a critical failure
in models’ ability to reason from novel premises.
This is quantitatively evident in the severe per-
formance degradation on the counterfactual test,
where accuracies for our 7B and 3B models drop
from 74.80% and 64.20% to 41.20% and 36.00%,
respectively. A qualitative analysis of the model’s
chain-of-thought process confirms the cause of this
failure (see Appendix E.3 for a detailed example).
When presented with a problem that redefines the
order of operations to PESAMD, the model com-
pletely disregards the new rule and defaults to the
standard PEMDAS operations it has memorized.
This provides definitive evidence that it operates as
a pattern-matching engine that recites knowledge,
rather than as a flexible, deductive reasoner.

Principle ➌: Assessing Counterfactual
Reasoning. A faithful benchmark requires
distinguishing true deduction from mere

recitation. Our counterfactual test highlights
a critical failure mode: when faced with
novel, contrary-to-fact rules, models consis-
tently default to reciting memorized knowl-
edge rather than applying the new premise.
Consequently, to penalize this brittle behav-
ior and reward flexible reasoning, effective
evaluation entails including problems that
create a direct conflict between memorized
priors and on-the-fly deduction.

4 Related work

4.1 Reasoning in Large Language Models

Chain-of-Thought (CoT) prompting has become
a cornerstone for eliciting complex reasoning in
Large Language Models (LLMs) (Wei et al., 2022;
Zelikman et al., 2022). Along with advanced strate-
gies like Tree of Thoughts (Wang et al., 2022; Yao
et al., 2023; Yu et al., 2025a), these approaches
improve reasoning by guiding models to generate
step-by-step rationales. Furthermore, fine-tuning
on high-quality reasoning datasets remains a crit-
ical method for instilling these skills directly into
model parameters (Lewkowycz et al., 2022). While
these efforts have driven remarkable performance
improvements on popular benchmarks, our work
diverges from this trend of score optimization. In-
stead, we critically interrogate the benchmarks
themselves, arguing that the resulting gains are
often an illusion created by structural flaws rather
than a sign of true reasoning acquisition.

4.2 Reinforcement Learning for LLM

To overcome the limitations of Supervised Fine-
Tuning (SFT), Reinforcement Learning (RL) ac-
tively optimizes LLMs by directly rewarding cor-
rect outcomes (Ouyang et al., 2022). Founda-
tional algorithms like PPO (Schulman et al., 2017)
and stability-enhancing methods like GRPO (Shao
et al., 2024)—which leverages group-based com-
parisons—have significantly boosted benchmark
scores. Recent work has also explored reducing
interference during alignment in multi-objective
settings (Lin et al., 2025). However, the reliance
on outcome rewards is contested by process-based
approaches that scrutinize reasoning steps to en-
sure true understanding (Li et al., 2025). Our
work adds to this discourse by demonstrating that,
even with advanced RL, structural benchmark flaws
often lead to the reinforcement of brittle, non-



generalizable behaviors.

4.3 Analysis and Critique of Benchmarks

While benchmarks like GSM8K (Cobbe et al.,
2021) and MATH (Hendrycks et al., 2021) are
vital for driving progress, research increasingly
shows that models often exploit dataset artifacts
and “shortcuts” rather than learning robust skills
(Geirhos et al., 2020). This has motivated rigor-
ous evaluation methods, such as testing on out-
of-distribution (OOD) or adversarially perturbed
examples (Jia and Liang, 2017), to probe true gener-
alization. However, these methods typically stress
model capabilities without diagnosing the under-
lying benchmark properties that permit such brit-
tle learning. We contribute to this critical analy-
sis by introducing diagnostic tools—specifically
the Oracle Performance Gap (OPG) and difficulty-
stratified evaluations—that provide quantitative ev-
idence revealing high scores as illusions of capabil-
ity, thereby motivating our proposed principles.

5 Conclusion

In this work, we critically analyze RL-based reason-
ing benchmarks, arguing that high scores may often
reflect brittle shortcut learning rather than robust
generalization. Our empirical framework, anchored
by the OPG diagnostic, reveals structural limita-
tions such as data homogeneity and redundancy.
Furthermore, stress tests suggest substantial model
fragility, as evidenced by asymmetric generaliza-
tion across difficulty levels and failures on counter-
factual tasks. Finally, we distill our findings into
three principles for next-generation benchmarks:
difficulty stratification, distributional robustness,
and counterfactual reasoning.

Limitations

Model architectures evaluated in our main ex-
periments are still concentrated on the Qwen2.5
family (3B and 7B). Although we additionally val-
idated the near-zero OPG trend on another open-
weight model family (Llama-3-8B) and under an
alternative RL algorithm (DAPO), we have not ex-
haustively tested a broader range of open-weight
architectures or closed-source frontier models.
Task domains in our primary analysis remain cen-
tered on reasoning-intensive settings, especially
mathematics and related benchmarks. Although
we further extended the evaluation to additional
reasoning domains such as HotpotQA, MedQA,

and LogiQA, it remains unclear whether the same
pattern persists in modalities with substantially dif-
ferent evaluation dynamics, such as code genera-
tion or creative writing. Future work is needed to
determine whether our findings reflect a broader
trend in RL fine-tuning or remain concentrated in
reasoning-heavy tasks.
Semantic partitioning for our Distribution Test
relies on specific tools—the all-mpnet-base-v2
sentence encoder and K-Means clustering—to de-
fine data splits. While we employed rigorous met-
rics like Silhouette scores to validate these clusters,
alternative embedding models or distance metrics
could potentially yield different semantic bound-
aries.
Automated data generation for the Counterfac-
tual Robustness Test relies on a pipeline driven by
Gemini 2.5 Pro(Comanici et al., 2025). While this
enabled large-scale evaluation, the diversity and
complexity of the generated counterfactual rules
remain bounded by the capabilities of the generator
model. Although we supplemented this pipeline
with a human audit of sample quality, broader val-
idation of counterfactual diversity and quality re-
mains an important direction for future work. As
noted in our Ethics Statement, we also did not con-
duct a full audit of latent societal biases in the
datasets or models used.

Ethical Considerations

This work is motivated by the need to improve the
scientific rigor of reinforcement learning evalua-
tion. By examining the “illusion of capability” in
current benchmarks, we aim to support the devel-
opment of more robust and trustworthy reasoning
systems.
Broader Impact and Trustworthiness. The de-
ployment of RL-tuned models that perform well
on static benchmarks but fail to generalize may
pose risks in real-world applications, particularly
in reasoning-intensive domains. Our findings
highlight that high benchmark scores can mask
brittle behaviors induced by over-specialization.
By proposing stricter evaluation principles—such
as distributional robustness and counterfactual
testing—we advocate for evaluation settings that
better distinguish robust reasoning from superficial
pattern matching.
Data Usage and Compliance. Our experiments
use publicly available academic datasets, including
MATH, GSM8K, HeadQA, HotpotQA, MedQA,



and LogiQA, together with a compiled in-house
dataset (DeepScaler) derived from public sources.
All data was used solely for academic research pur-
poses. We acknowledge that these datasets may
inadvertently contain sensitive information or re-
flect historical biases. While we did not conduct
a full audit of latent societal biases in the external
datasets used in this study, we recognize this as an
important direction for future work on equitable
model evaluation.
Computational Resources. The experiments were
conducted on a single server with 4 NVIDIA A100
GPUs. We adhered to efficient training practices
to minimize unnecessary computational costs and
environmental impact.
AI Assistance Declaration. In accordance with
conference policies, we state that Large Language
Models (specifically Gemini 2.5 Pro) were used
in this work. Their use was limited to two func-
tions: (1) supporting automated data annotation
and counterfactual generation within our exper-
imental pipeline, and (2) assisting with gram-
matical refinement and language polishing of the
manuscript. All scientific concepts, experimental
designs, and core intellectual contributions origi-
nated from the human authors.
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A Full Evaluation Setup

A.1 Post-training Methods

Reinforcement Learning Reinforcement Learn-
ing (RL) has recently proven effective at steering
large language models toward complex, multi-step
objectives by optimizing policies with scalar re-
ward signals (Zeng et al., 2025). For our main
experiments, we use the easy-r1 framework, a
fork of the original veRL project (Zheng et al.,
2025). We adopt its implementation of Group
Relative Policy Optimization (GRPO) (Shao et al.,
2024) to fine-tune Qwen2.5-7B-Instruct, using
final-answer correctness as the reward signal. Our
RL configuration uses a learning rate of 1× 10−6

with the AdamW optimizer and a weight decay of
1.0 × 10−2. We generate 5 responses per prompt
with a maximum sequence length of 4096 tokens,
using a temperature of 1.0 and a top-p of 0.99.
The model is updated with a global batch size of
16. KL-divergence regularization is enabled with
a coefficient of 1.0× 10−2. We train for 5 epochs
and select the checkpoint with the best validation
performance. Additional robustness experiments
involving alternative algorithms, architectures, and
inference settings are described in Appendix F.
Supervised Fine-Tuning Supervised Fine-Tuning
(SFT) remains a fundamental technique for adapt-
ing large pre-trained models by directly minimizing
cross-entropy on high-quality datasets (Parashar
et al., 2026). We use the LLaMA-Factory frame-
work (Zheng et al., 2024), which is an extensi-
ble and user-friendly framework supporting multi-
ple architectures and advanced optimization algo-
rithms, to fine-tune our model on teacher-generated
chain-of-thought traces. We use 1× 10−6 as learn-
ing rate, the batch size is 512 and we train for 5
epoch to align with our RL settings.

A.2 Datasets and Benchmarks

Our primary analysis was conducted on the follow-
ing four benchmarks, chosen to cover a range of
mathematical and general reasoning tasks. Addi-
tional reasoning domains used in our robustness
analyses are described in Appendix F.

• MATH (Hendrycks et al., 2021): A challeng-
ing dataset of 12,500 competition mathematics
problems designed to test mathematical problem
solving.

• GSM8K (Cobbe et al., 2021): A dataset of 8,500
high-quality, linguistically diverse grade-school

math word problems created to measure multi-
step reasoning.

• HeadQA (Vilares and Gómez-Rodríguez, 2019):
A multiple-choice question answering dataset
sourced from Spanish medical board exams, cov-
ering a wide range of topics and requiring spe-
cialized knowledge.

• DeepScaler: A proprietary in-house dataset cre-
ated to evaluate specific mathematical reason-
ing abilities. It contains approximately 40,000
unique math problem-answer pairs compiled
from sources such as AIME, AMC, Omni-
MATH, and Still.

A.3 Implementation Details
All experiments were conducted on a single server
equipped with 4 NVIDIA A100 (80GB) GPUs. Our
implementation relies on PyTorch and the Hugging
Face Transformers library.

B Detailed Data for Difficulty-Stratified
Analysis

B.1 Automated Difficulty Level Annotation
To ensure a systematic and reproducible partition-
ing of our datasets into difficulty levels (L1-L5),
we employed an automated annotation pipeline. In-
stead of relying on subjective manual labeling, we
developed a detailed rubric based on the cognitive
complexity required for each problem and used a
large language model (Gemini 2.5 Pro) to assign
a difficulty score to each problem in our corpus.

The process was guided by the five-level stan-
dard defined below. For each problem, the full text
of this rubric was provided to the LLM, which was
then prompted to return the single most appropriate
difficulty level.

Level 1: Direct Application of Basic Rules. Prob-
lems that can be solved in one or two steps,
where each step is a direct application of a ba-
sic formula or operational rule. The solution
path is linear and requires minimal strategic
planning.

Level 2: Identification of Standard Models.
Problems that require identifying the correct
standard model or general formula from a set
of known methods. This tests for "pattern
recognition" of classic problem types.

Level 3: Multi-Step, Cross-Conceptual Plan-
ning. Problems that cannot be solved by a



Table 5: Cross-Difficulty Generalization Performance Matrix for the Qwen2.5-3B-Instruct model. All values are
pass@1 accuracy.

Trained on Evaluated on Training Set of Level

Level 1 Level 2 Level 3 Level 4 Level 5 Average

Level 1 94.50% 85.00% 71.00% 66.00% 41.00% 71.50%
Level 2 93.00% 87.50% 73.00% 65.00% 42.50% 72.20%
Level 3 92.50% 86.00% 75.00% 66.00% 40.00% 71.90%
Level 4 92.50% 86.50% 72.00% 68.00% 43.00% 72.40%
Level 5 94.00% 87.00% 73.00% 62.00% 46.50% 72.50%

Original 92.00% 83.50% 69.50% 62.50% 43.50% 70.20%

Table 6: Cross-Difficulty Generalization Performance Matrix for the Qwen2.5-7B-Instruct model. All values are
pass@1 accuracy.

Trained on Evaluated on Training Set of Level

Level 1 Level 2 Level 3 Level 4 Level 5 Average

Level 1 97.00% 90.00% 78.00% 76.00% 52.00% 78.60%
Level 2 94.00% 91.50% 82.50% 76.00% 54.00% 79.60%
Level 3 95.50% 91.00% 83.50% 72.50% 56.50% 79.80%
Level 4 93.50% 88.50% 81.00% 80.00% 57.00% 80.00%
Level 5 94.50% 91.00% 78.00% 73.00% 64.00% 80.10%

Original 95.50% 87.50% 76.50% 74.00% 52.00% 77.60%

single standard model and require a coherent
plan that links multiple concepts or steps, of-
ten from different mathematical areas.

Level 4: Application of Abstract Concepts.
Problems requiring a deep understanding and
flexible application of a major, abstract math-
ematical theory. The solution process is often
non-intuitive and relies on a foundational re-
sult within a branch of mathematics.

Level 5: Axiomatic Reasoning and Creation.
Problems that require reasoning "from first
principles" within an axiomatic framework.
This involves performing logical deductions,
constructing proofs, or finding counterexam-
ples based on the foundational rules of a math-
ematical structure.

The entire dataset was processed using a paral-
lelized script with a thread pool executor to effi-
ciently query the LLM API. The script included
robust error handling and checkpointing to ensure
the complete and accurate annotation of the corpus.

B.2 Result

This section provides the full cross-difficulty gener-
alization performance matrices that form the ba-
sis for the analysis in Section 3.1.1 and the vi-
sualizations in Figure 2. Table 5 and Table 6
present the results for the Qwen2.5-3B-Instruct
and Qwen2.5-7B-Instruct models, respectively.

The data highlights two key phenomena dis-
cussed in the main text. First, asymmetric gen-
eralization is evident: in Table 6, the model trained
on Level 5 achieves 94.50% on Level 1, while the
model trained on Level 1 only achieves 52.00% on
Level 5. This pattern is mirrored in the 3B model,
confirming that training on complex tasks induces
a “downward compatibility” that simple training
lacks. Second, the average score proves deceptive.
As shown in the ‘Average‘ column, scores across
specialists are remarkably similar (e.g., 78.60%–
80.10% for 7B). This similarity masks a critical
distinction: low-difficulty specialists inflate their
averages via simple tasks, whereas high-difficulty
specialists achieve their scores through genuine
robustness, a nuance the aggregate metric fails to
capture.



Table 7: Performance of Qwen2.5-7B generalist-optimized models on the balanced test set. Each row represents a
model trained on a specific difficulty level (Li), evaluated across test questions of all five difficulty levels.

Trained on Evaluated on Test Set Questions of Level

Level 1 Level 2 Level 3 Level 4 Level 5 Average

Level 1 97.50% 90.00% 82.50% 75.00% 50.00% 79.00%
Level 2 95.00% 90.00% 80.00% 77.50% 47.50% 79.00%
Level 3 97.50% 85.00% 85.00% 77.50% 50.00% 79.00%
Level 4 97.50% 87.50% 85.00% 80.00% 55.00% 81.00%
Level 5 97.50% 92.50% 82.50% 82.50% 52.50% 81.50%

Original 97.50% 87.50% 82.50% 77.50% 50.00% 79.00%

Table 8: Performance of Qwen2.5-3B generalist-optimized models on the balanced test set. The performance decay
for models trained on easy levels (L1, L2) is particularly pronounced.

Trained on Evaluated on Test Set Questions of Level

Level 1 Level 2 Level 3 Level 4 Level 5 Average

Level 1 97.50% 82.50% 75.00% 72.50% 32.50% 72.00%
Level 2 95.00% 87.50% 80.00% 65.00% 35.00% 72.00%
Level 3 97.50% 90.00% 80.00% 72.50% 45.00% 77.00%
Level 4 95.00% 87.50% 87.50% 75.00% 47.50% 78.50%
Level 5 95.00% 87.50% 87.50% 75.00% 47.50% 78.50%

Original 92.50% 87.50% 77.50% 65.00% 22.50% 69.00%

C A Supplementary Experiment to the
Difficulty Test

This appendix provides the full performance data
for the "generalist-optimized" models described in
our supplementary experiment on the difficulty test.
The performance lift curves presented in Figure 4
in the main text are directly derived from the raw
accuracy scores presented here. Table 7 details the
results for the 7B model, while Table 8 shows the
results for the 3B model.

Setup. To investigate the impact of training data
difficulty on final generalization, we conduct a com-
plexity test. We first train five generalist-optimized
models, MLi for i ∈ {1, . . . , 5}, on the previously
defined difficulty-stratified training sets, DLi

train. The
key difference from our prior analysis lies in the
evaluation protocol, which is centered around a
novel, balanced test set.
• Test_Balanced: This is the unified and bal-

anced evaluation suite, constructed by sampling
an equal number of problems from each of the
five difficulty levels. This results in a test set
Dbal composed of five equal-sized partitions,
{DLj

test, bal}5j=1.

Unlike the models in the first experiment, these
models are "generalist-optimized," meaning we se-
lect the checkpoint for each MLi with the highest
overall accuracy on the Test_Balanced set.

Our complexity test reveals a stark pattern of
asymmetric generalization, as illustrated in Fig-
ure 4. Models trained on high-difficulty problems
(L4-L5) demonstrate a uniformly superior perfor-
mance profile, outperforming their counterparts
trained on easier data (L1-L3) across all evalu-
ated task complexities. This suggests that com-
plex reasoning skills naturally encompass the logic
required for simpler tasks, whereas the reverse is
not true. This finding has a critical implication
for how we create datasets to train capable mod-
els: the training data must include a significant
proportion of difficult problems. Therefore, for
benchmark suites to drive meaningful progress, it
is crucial that their provided training sets are suffi-
ciently challenging to promote the development of
truly robust models rather than merely encourag-
ing the fitting of simple patterns.The data in these
tables clearly illustrates this "asymmetric general-
ization" phenomenon. For example, in Table 8, the
model trained on Level 1 (ML1) achieves high accu-
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Figure 4: Asymmetric Generalization is consistent across model scales. Across both the 3B model (a) and the 7B
model (b), training on high-difficulty problems (L4-L5, orange line) yields a uniformly superior performance lift
over training on easier problems (L1-L3, blue line), proving that mastering complexity is essential for acquiring
robust, transferable skills.Full performance data is provided in Table 8 and Table 7.

racy (97.50%) on Level 1 test problems but sees its
performance drop to just 32.50% on Level 5 prob-
lems, indicating that the model relies on shallow
heuristics that collapse under increased cognitive
load. In contrast, the model trained on Level 5
(ML5) maintains robust performance across all lev-
els, demonstrating a more generalizable capability
that effectively transfers downwards to easier tasks.

D Data Construction Protocol for the
Distribution Test

This section details the step-by-step procedure used
to construct the specialized training and test sets for
the Distribution Test, as described in Section 3.2.1.
The entire process is designed to create a controlled
environment for measuring generalization as a func-
tion of semantic distance. The process consists of
three main stages:
Step 1: Semantic Embedding and Clustering.
We began with our full corpus of approximately
44,785 mathematics problems. To understand their
semantic relationships, we first encoded each prob-
lem into a high-dimensional vector representation
using the all-mpnet-base-v2 sentence encoder.
We then applied K-Means clustering to this high-
dimensional embedding space. Using a combi-
nation of the Elbow method and Silhouette score
analysis, we determined the optimal number of
clusters to be k = 3, effectively partitioning the en-
tire dataset into three broad, semantically coherent
groups.
Step 2: Core Training Set (Train_Core) Selec-
tion. Our goal was to create a highly concen-

trated, semantically narrow training set. To achieve
precise semantic selection, we performed the anal-
ysis using Global Cosine Distance directly on the
original high-dimensional embeddings, avoiding
potential information loss from dimensionality re-
duction. We first calculated the centroid of a sin-
gle target cluster (e.g., Cluster 1) within the high-
dimensional space. We then computed the cosine
distance between this centroid and all data points in
the cluster. The 2,000 problems with the smallest
cosine distances—representing the points seman-
tically closest to the cluster center—were selected
to form our exclusive Train_Core training set.

Step 3: Distance-Stratified Test Set Construc-
tion. To systematically construct test sets repre-
senting a gradient of increasing semantic distance,
we leveraged the remaining pool of 42,785 prob-
lems explicitly excluded from Train_Core. We
first defined a stable reference origin by calculating
the geometric centroid of the 2,000 Train_Core
vectors within the high-dimensional embedding
space. Subsequently, for every candidate point in
the hold-out corpus, we computed its cosine dis-
tance relative to this core centroid to quantify its
semantic divergence. All candidate points were
then sorted by distance and stratified into five equal-
sized bins (quintiles). Finally, to ensure a balanced
evaluation, we randomly sampled 80 distinct prob-
lems from each bin to create our five final test sets,
D1 (semantically closest) through D5 (semantically
farthest).

The entire data construction pipeline is visually
summarized in Figure 5. Panel (a) illustrates the



(a) Training set selection. (b) Test set distribution.

Figure 5: Visualization of the experimental data construction for the distribution test. (a) The highly concentrated
Dcore set is selected from a semantic cluster. (b) The test sets are sampled and binned based on their increasing
semantic distance from the Dcore centroid.

outcome of the Train_Core selection process de-
scribed in Step 2, while Panel (b) shows the result-
ing distribution of the five distance-stratified test
sets as detailed in Step 3.

E The Counterfactual Robustness Test

This section provides detailed, qualitative exam-
ples of how fine-tuned models fail on counterfac-
tual reasoning tasks, as discussed in Section 3.2.2.
Each table analyzes a specific failure case, com-
paring the required reasoning path (based on the
novel, counterfactual premise) with the model’s
actual thought process. These examples concretely
illustrate the models’ strong tendency to disregard
explicit instructions and default to their pre-trained,
memorized knowledge.

E.1 Methodology: Automated Dataset
Generation

To ensure the diversity and systematic nature of
our counterfactual examples, we developed and
executed the following automated pipeline, moving
beyond manual creation.
Step 1: Strategy — LLM as Data Creator. Our
core strategy was to leverage a powerful Large
Language Model to act as a creative research assis-
tant. This approach allows for the large-scale and
consistent application of complex transformation
rules needed to create a high-quality counterfactual
dataset.
Step 2:Task Definition — The Counterfactual
Transformation. We provided the LLM (Gemini
2.5 Pro) with a detailed, multi-step prompt that
precisely defined the transformation task. The

instructions guided the model to first analyze a
given standard problem to identify a core logical
or mathematical rule. Subsequently, the model was
tasked to invent a plausible but contrary-to-fact rule,
rewrite the problem statement to include this new
premise, and finally, generate a new step-by-step
solution based exclusively on the novel rule.
Step 3: Execution — Parallelized Pipeline.
This generation process was applied to our entire
source dataset. To manage the scale, the pipeline
was executed in parallel using a Python script with
a ThreadPoolExecutor to handle concurrent API
requests. The full, unabridged master prompt used
in this process is available in our supplementary
materials to ensure full reproducibility.

E.2 Human Audit of Counterfactual Data
Quality

To quantitatively assess the quality of the generated
counterfactual dataset, we conducted a human audit
on 50 randomly selected samples. The audit was
performed by three PhD students specializing in
large language models. Each sample was evaluated
according to the following criteria:

• Unambiguous: The counterfactual rule is ex-
plicitly stated and clearly overrides the model’s
pre-trained prior or default rule.

• Solvable: The problem contains sufficient infor-
mation for a logically valid solution under the
stated counterfactual rule.

The audit found that 93.34% of the sampled
instances were judged to be unambiguous, and
94.67% were judged to be solvable. These re-
sults provide supporting evidence that the gener-



ated counterfactual test set is of sufficiently high
quality for evaluating whether models follow ex-
plicitly stated novel rules rather than defaulting to
memorized priors.

E.3 Case Study: Arithmetic Order of
Operations

(Counterfactual Premise)

A novel order of operations, PESAMD,
is defined: Parentheses, Exponents, S/A,
then M/D. The model is asked to evaluate
f(x) = 3x−2

x−2 .

Correct Reason-
ing (PESAMD)
1. Numerator (S

first): 3× (0−
2) = −6

2. Denominator:
0− 2 = −2

3. Division (last):
−6
−2 = 3

The final correct
answer is 3.

Model’s Actual
Reasoning
1. Numerator (M

first): 3 × 0 =
0, then 0− 2 =
−2.

2. Denominator:
0− 2 = −2.

3. Result: −2
−2 =

1.
The final incorrect
answer is 1.

E.4 Case Study: Number Theory Divisor Rule

(Counterfactual Premise)

A new system defines the number of divi-
sors of N = pa11 · · · as the sum of (ai + 1)
values. Find the number of divisors for
N = 12.

Correct Reason-
ing (Sum Rule)
1. Prime factoriza-

tion of 12 is
22 × 31.

2. The exponents
are a1 =
2, a2 = 1.

3. Apply the new
sum rule: (2 +
1) + (1 + 1) =
5.

The final correct
answer is 5.

Model’s Actual
Reasoning
1. Correctly finds

prime factoriza-
tion: 12 = 22×
31.

2. Ignores the
"sum" rule
and applies
the memorized
"product" rule:
(2 + 1) × (1 +
1) = 6.

The final incorrect
answer is 6.

E.5 Case Study: Physics Speed Formula

(Counterfactual Premise)

A car travels 120 km in 2 hours. In this real-
ity, ’average speed’ is calculated as: speed
= time / distance. Find the speed.

Correct Rea-
soning (New
Formula)
1. Identify Time

= 2 hours,
Distance = 120
km.

2. Apply the new
formula time /
distance: 2 ÷
120 = 1

60 .
The final correct
answer is 1

60
km/h.

Model’s Actual
Reasoning
1. Correctly iden-

tifies Time and
Distance.

2. Ignores the
new formula
and applies
the memo-
rized, standard
formula ‘dis-
tance / time‘:
120÷ 2 = 60.

The final incor-
rect answer is 60
km/h.

F Additional Robustness Analyses for
OPG

This section reports additional robustness analyses
for the Oracle Performance Gap (OPG). We test
whether the near-zero OPG trend persists across
different RL algorithms, model families, task do-
mains, and inference settings. Across all these
settings, OPG remains small.

F.1 Across RL Algorithms: DAPO

We additionally evaluate DAPO to test whether
the near-zero OPG trend extends beyond GRPO.
Table 9 shows that the gap between Standard RL
and Oracle RL remains minimal across GSM8K,
DeepScaler, and HeadQA.

Table 9: Near-zero OPG under an alternative RL
algorithm (DAPO).

Benchmark Train Oracle Gap

GSM8K 86.40% 86.90% 0.50%
DeepScaler 43.85% 44.20% 0.35%
HeadQA 67.10% 67.78% 0.68%



F.2 Across Architectures and Domains

We further test whether the near-zero OPG phe-
nomenon extends beyond the primary Qwen2.5-
based mathematical setting. Table 10 shows sim-
ilarly small OPG values on an additional open-
weight model family, Llama-3-8B. Table 11 shows
that the same trend also holds on non-mathematical
reasoning domains, including HotpotQA, MedQA,
and LogiQA.

Table 10: OPG on Llama-3-8B.

Benchmark Train Oracle OPG (%)

GSM8K 87.45 88.40 1.07
MATH 43.75 43.82 0.16
DeepScaler 20.73 20.82 0.43

Table 11: OPG on additional reasoning domains.

Model Domain Train Oracle OPG (%)

Qwen2.5-
7B

HotpotQA 77.85 78.05 0.26

Qwen2.5-
7B

MedQA 78.60 79.00 0.51

Qwen2.5-
7B

LogiQA 70.33 71.11 1.10

Llama-3-
8B

HotpotQA 78.22 78.45 0.29

Llama-3-
8B

MedQA 83.02 83.53 0.61

Llama-3-
8B

LogiQA 76.48 77.19 0.92

F.3 Sensitivity to KL Coefficients

We vary the KL coefficient to examine whether
the near-zero OPG trend depends on a particular
regularization strength. Table 12 shows that OPG
remains small across all tested KL settings.

Table 12: OPG under different KL settings.

Dataset Setting Train Oracle OPG (%)

GSM8K 1.0× 10−3 90.58 91.33 0.82
GSM8K 5.0× 10−2 91.24 91.47 0.25
MATH 1.0× 10−3 73.68 74.86 1.58
MATH 5.0× 10−2 73.65 73.86 0.28

F.4 Sensitivity to Decoding Parameters

We further vary decoding parameters, including
temperature and top-p, to test whether the near-zero
OPG trend is sensitive to the choice of inference
configuration. Table 13 shows that OPG remains

Table 13: OPG under different decoding settings.

Dataset TemperatureTrain Oracle OPG (%)

GSM8K 0.7 91.02 91.33 0.34
GSM8K 0.9 91.74 92.07 0.36
MATH 0.7 74.05 75.06 1.35
MATH 0.9 74.08 75.10 1.36

Dataset Top-p Train Oracle OPG (%)

GSM8K 0.7 88.52 88.76 0.27
GSM8K 0.9 89.22 89.49 0.30
MATH 0.7 69.85 70.60 1.06
MATH 0.9 70.91 71.72 1.14

small across all tested settings, suggesting that the
observed vanishing-gap phenomenon is robust to
reasonable sampling variations at inference time.
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